Chapter 2

Section 2.1

(b) All solutions seem to converge to an increasing function as t — co.

(c) The integrating factor is pu(t) = €*. Then

eBty/ + 3€3ty — 63t(t 4 6727&) — (63ty>/ — teSt + et

We conclude that y is asymptotic to ¢/3 — 1/9 as t — oo.
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(b) All slopes eventually become positive, so all solutions will eventually increase without
bound.

(c) The integrating factor is u(t) = e *. Then
672ty/ o 267%3/ — 672t<t262t) — <€72ty)/ — t2

t3
== e_Qty:/tht: —+c

3

— _ﬁ% 2t
Y = 36 + ce”.

We conclude that y increases exponentially as ¢ — oo.

(b) All solutions appear to converge to the function y(¢) = 1.

¢) The integrating factor is u(t) = et. Therefore
(c) grating 1 :

ey +ely=t+e = (cy) =t+¢
2

t
= ety:/(t+et)dt:§—|—et+c

t2
- y = 56_t +1+4ce "

Therefore, we conclude that y — 1 as t — oo.
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(b) The solutions eventually become oscillatory.

t. Therefore,

(
3t cos(2t

(t)

ty' +y = 3t cos

(¢) The integrating factor is u

= 3t cos(2t)

) = (ty)

2t

tsin(2t) + ¢

3
2

3
4

cos(2t) +

dt =

)

/

= ty

C
t.

We conclude that y is asymptotic to (3sin2t)/2 as t — oo.

3sin 2t n
2

+

3 cos 2t
4t
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(b) All slopes eventually become positive so all solutions eventually increase without bound.

e~2. Therefore,

(¢) The integrating factor is p(t)

3e~t

=3¢t = (e ?y)

/3e_t dt

= y= —3e! + ce?.

e~y — 2072y

—3e " +c

Zty —

— €

We conclude that y increases exponentially as ¢ — oc.
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/tsin(t) dt = sin(t) — tcos(t) + ¢
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2y + 2ty = tsin(t) = (t%y)

(b) For ¢t > 0, all solutions seem to eventually converge to the function y = 0.
We conclude that y — 0 as t — oo.

(c¢) The integrating factor is pu(t)

(b) For ¢t > 0, all solutions seem to eventually converge to the function y = 0.



Therefore, using the techniques shown above, we

t2
e,
. We conclude that y — 0 as t — oo.

(c) The integrating factor is p(t)

_ 42
t?e ¥ 4 ce

—¢2

see that y(t)
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(b) For ¢t > 0, all solutions seem to eventually converge to the function y = 0.

(c) The integrating factor is pu(t) = (1 + ¢*)?. Then

1
1+t

(L+ )% +4t(1 + %)y =

1
dt
1+¢2

/

(tan™'(2) +¢) /(1 + )2

= ((1+t")%)

:}y

We conclude that y — 0 as t — oo.
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(b) All slopes eventually become positive. Therefore, all solutions will increase without
bound.

(c) The integrating factor is pu(t) = e*/2. Therefore,
2et/2yl + et/Qy — 3tet/? — Qet/2y = /3tet/2 dt = 6tet’? — 12e"? + ¢
— y=3t—6+ce V2
We conclude that y — 3t — 6 as t — oo.

10.

(b) For y > 0, the slopes are all positive, and, therefore, the corresponding solutions increase
without bound. For y < 0 almost all solutions have negative slope and therefore decrease

without bound.

(c¢) By dividing the equation by ¢, we see that the integrating factor is p(t) = 1/t. Therefore,
Y/t —y/tt=tet = (y/t) =tet
== % = /te_tdt: —tet—e T+
= y = —t2e7t —te7t + ct.

We conclude that y — c0if ¢ >0,y - —c0if c< 0 and y — 0 if ¢ = 0.

11.
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(b) The solution appears to be oscillatory.

et. Therefore,

(c) The integrating factor is pu(t)

= 5e' sin(2t)

)/

—2e

ey +e'y = 5e'sin(2t) = (e'y

—2cos(2t) + sin(2t) + ce".

sin(2t) +¢ = y=

cos(2t) + €'

t

/5et sin(2t) dt =

— ¢y

— 2cos(2t) as t — 0.

)

We conclude that y — sin(2t

12.
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all solutions increase without bound.

I

(b) All slopes are eventually positive. Therefore

et/. Therefore,
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(¢) The integrating factor is u
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We conclude that y is asymptotic to 3t2 — 12t + 24 as t — oo.



13. The integrating factor is p(t) = e~*. Therefore,
e ly) = 2te! = y=c¢" [ 2te’ dt = 2te* — 2e** + ce'.
(e™y) y

The initial condition y(0) = 1 implies —2 + ¢ = 1. Therefore, c = 3 and y = 3e’ +2(t — 1)e*
14. The integrating factor is u(t) = e?*. Therefore,

t2
<€2ty)/ :t :> y — th/tdt — Eeizt + ce*2t

The initial condition y(1) = 0 implies e */2 + ce™* = (0. Therefore, ¢ = —1/2, and
y=(t>—1)e /2

15. Dividing the equation by ¢, we see that the integrating factor is u(t) = t?. Therefore,

2 \/ 3 2 -2 3 2 t? l 1 c

The initial condition y(1) = 1/2 implies ¢ = 1/12, and y = (3t* — 4¢3 + 6¢2 + 1) /122
16. The integrating factor is u(t) = t*. Therefore,

(t’y) = cos(t) = y =12 / cos(t) dt = t~*(sin(t) + c).

The initial condition y(m) = 0 implies ¢ = 0 and y = (sint)/t?
17. The integrating factor is u(t) = e~2. Therefore,

(ey) =1 = y= eZt/ldt =e*(t +c).

The initial condition y(0) = 2 implies ¢ = 2 and y = (¢ + 2)e?.
18. After dividing by ¢, we see that the integrating factor is u(t) = 2. Therefore,

t*y) =1 = y=1t"2 /tsin(t) dt = t~2(sin(t) — t cos(t) + ¢).

The initial condition y(7/2) = 1 implies ¢ = (72/4)—1 and y = t~2[(7?/4) — 1 —t cost+sint].
19. After dividing by 3, we see that the integrating factor is u(t) = t*. Therefore,

<t4y)/ o te_t = Yy = t—4/t€—t dt — t—4(_t6—t _ e—t _|_ C).

The initial condition y(—1) = 0 implies c =0 and y = —(1 +t)e”?/t*, t#0
20. After dividing by ¢, we see that the integrating factor is u(t) = te'. Therefore,

(tely) =te! = y=t"'e! /tet dt =t"tel(te! —e'+c) =t (t —1+ce™).

The initial condition y(In2) = 1 implies c=2 and y = (t — 1 +2e7%)/t, t#0
21.
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The solutions appear to diverge from an oscillatory solution. It appears that ag ~ —1.
For a > —1, the solutions increase without bound. For a < —1, the solutions decrease
without bound.

(b) The integrating factor is p(t) = e~/2. From this, we conclude that the general solution
is y(t) = (8sin(t) — 4 cos(t))/5 4 ce'/?. The solution will be sinusoidal as long as ¢ = 0.
The initial condition for the sinusoidal behavior is y(0) = (8sin(0) —4 cos(0))/5 = —4/5.
Therefore, ag = —4/5.

(c) y oscillates for a = ay

22.
(a)
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All solutions eventually increase or decrease without bound. The value ay appears to be
approximately ag = —3.

(b) The integrating factor is u(t) = e¥/2, and the general solution is y(t) = —3e*/? 4 ce/2.
The initial condition y(0) = a implies y = —3e'/3 + (a + 3)e'/2. The solution will behave
like (a + 3)e/2. Therefore, ag = —3.



e~2t/3_ Therefore,

10

] 777777 277 7 ] T AN
/] /7 777 P ooyl NN
]/ 77777 o)) ] CNNNNNS S
]/ o )] ] SRS SO
]/ /777 ] ] AN
17777777 o777 1 T AN
o /7777777 7] ] AN
]/ 7777 )] NN
]/ )] NN
]/ 77 7]
] /77777 o] ]
\ J ST )] \ /2/ NN
]/ 7777 o227 7 ] T NN S
1 -
] \ S
[ ]/ 7777 —
AN N T
//M///Z//~ T
RN
SSSOSUONNANAN T T
<t N

(¢) y — —oo for a = agy

23.

[(2+ a(3m +4))e?/? —2e77/2] /(31 +4). The solution will eventually

behave like (2 + a(3m + 4))e?/3 /(31 + 4). Therefore, ag = —2/(37 + 4).

Solutions eventually increase or decrease without bound, depending on the initial value

ap. It appears that ag ~ —1/8.
(b) Dividing the equation by 3, we see that the integrating factor is u(t)

=N S
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= 3
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It appears that ag ~ .4. As t — 0, solutions increase without bound if y > ag and

decrease without bound if y < ay.



1/e.

te'. The general solution is y = te~*+ce~"/t. The initial
a implies y = te™" + (ea — 1)e~*/t. As t — 0, the solution will behave

we see that ag

like (ea — 1)e~*/t. From this,

(b) The integrating factor is p(t)
condition y(1)

(c) y—0ast—0fora=ag

25.
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It appears that ap ~ .4. That is, as t — 0, for y(—7n/2) > ao, solutions will increase

without bound, while solutions will decrease without bound for y(—m/2) < ay.

1, solutions will increase without bound if

a > 4/7? and decrease without bound if a < 4/7%. Therefore, ag = 4/7>.

(b) After dividing by ¢, we see that the integrating factor is ¢*, and the solution is y
—cost/t? + w2a/4t?. Since lim, g cos(t)

(1 —cos(t))/t* = 1/2 as t — 0.

4/m2 y =

(c) For ag

26.
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It appears that ag &~ 2. For y(1) > ag, the solution will increase without bound as t — 0,
while the solution will decrease without bound if y(t) < ao.

(b) After dividing by sin(¢), we see that the integrating factor is u(t) = sin(¢). As a result,
we see that the solution is given by y = (e' + ¢)sin(¢). Applying our initial condition,
we see that our solution is y = (¢! — e 4 asinl)/sint. The solution will increase if
1—e+asinl > 0 and decrease if 1 — e + asinl < 0. Therefore, we conclude that
ap=(e—1)/sin1

(¢) If ag = (e — 1) sin(1), then y = (' — 1)/sin(t). Ast — 0,y — 1.

27. The integrating factor is u(t) = e*/2. Therefore, the general solution is y(t) = [4 cos(t) +
8sin(t)]/5 + ce~'/2. Using our initial condition, we have y(t) = [4 cos(t) + 8sin(t) — 9¢/?]/5.
Differentiating, we have

y' = [—4sin(t) + 8cos(t) + 4,5@—t/2]/5
y' = [~4cos(t) — 8sin(t) — 2.25€2] /5.

Setting ¢y’ = 0, the first solution is t; = 1.3643, which gives the location of the first stationary
point. Since y”(t;) < 0, the first stationary point is a local maximum. The coordinates of
the point are (1.3643,.82008).

28. The integrating factor is u(t) = e?*/3. The general solution of the differential equation is
y(t) = (21 — 6t)/8 + ce~2"/3. Using the initial condition, we have y(t) = (21 — 6t)/8 + (yo —
21/8)e2t/3. Therefore, y/(t) = —3/4 — (2yo —21/4)e2/3/3. Setting 3/(t) = 0, the solution is
t1 = 21n[(21 — 8yp)/9]. Substituting into the solution, the respective value at the stationary
point is y(t;) = % + %ln?) — gln(Ql — 8yp). Setting this result equal to zero, we obtain the
required initial value yo = (21 — 9¢*/3)/8 = —1.643.

29.

(a) The integrating factor is p(t) = e*/4. The general solution is
y(t) = 12 + [8 cos(2t) + 64sin(2t)] /65 + ce /™.
Applying the initial condition y(0) = 0, we arrive at the specific solution
y(t) = 12 4 [8 cos(2t) 4 64 sin(2t) — 788¢~4]/65.
For large values of ¢, the solution oscillates about the line y = 12.

(b) To find the value of ¢ for which the solution first intersects the line y = 12, we need
to solve the equation 8 cos(2t) + 64 sin(2t) — 788¢~** = 0. The time ¢ is approximately
10.519.

t

30. The integrating factor is p(t) = e~*. The general solution is y(t) = —1 — 3 cos(t) —
3

5 sin(t) + ce’. In order for the solution to remain finite as t — oo, we need ¢ = 0. Therefore,
yo must satisfy yo = —1 —3/2 = —5/2.

12



31. The integrating factor is u(t) = e~*/2 and the general solution of the equation is y(t) =

—2t—4/3—4et +ce®/2. The initial condition implies y(t) = —2t —4/3 —4e! + (yo+16/3)e®/2.
The solution will behave like (yo+16/3)e3/2 (for yo # —16/3). For yo > —16/3, the solutions
will increase without bound, while for yg < —16/3, the solutions will decrease without bound.
If yo = —16/3, the solution will decrease without bound as the solution will be —2t—4/3—4e".

32. By equation (41), we see that the general solution is given by
t
Y= e_t2/4/ e /4 ds + ce /4,
0

Applying L’Hospital’s rule,

o Joet s et
it et R (1/2)e
Therefore, y — 0 as t — oo.

at

33. The integrating factor is u(t) = e™.
equation by e, we have

First consider the case a # A. Multiplying the

b b
(e“ty)' _ be(af,\)t — oy = eat/be(a)\)t — efat ( e(af)\)t + C) — _}\ef)\t + ce*at.
a —

Since a, A are assumed to be positive, we see that y — 0 as t — o0o. Now if a = X above,
then we have
(ey) =b = y=e bt +c)

and similarly y — 0 as t — oo.

34. We notice that y(t) = ce™* + 3 approaches 3 as t — oo. We just need to find a first-
order linear differential equation having that solution. We notice that if y(t) = f + g, then
v+y=f+f+9g+g. Here let f =ce ' and g(t) =3. Then f'+ f=0and ¢ +¢g = 3.
Therefore, y(t) = ce™" + 3 satisfies the equation 3’ +y = 3. That is, the equation 3y +y = 3
has the desired properties.

35. We notice that y(t) = ce”* + 3 — ¢ approaches 3 — t as t — oo. We just need to find a
first-order linear differential equation having that solution. We notice that if y(t) = f + g,
then ' +y = f '+ f+ ¢ +g. Here, let f = ce™* and g(t) = 3 —t. Then f' + f =0
and ¢ + g = —1+3—t = —2 —t. Therefore, y(t) = ce™* + 3 — t satisfies the equation
y +y = —2—t. That is, the equation ' + y = —2 — t has the desired properties.

36. We notice that y(t) = ce™ 4+ 2t — 5 approaches 2t — 5 as t — co. We just need to find a
first-order linear differential equation having that solution. We notice that if y(t) = f + ¢,
then y +y = f'+ f+ ¢ +g. Here,let f = ce " and g(t) = 2t — 5. Then f'+ f =0
and ¢ + g = 2+ 2t — 5 = 2t — 3. Therefore, y(t) = ce™' + 2t — 5— satisfies the equation
y +y = 2t — 3. That is, the equation ¢y + y = 2t — 3 has the desired properties.

37. We notice that y(t) = ce™ + 4 — t* approaches 4 — t* as t — oco. We just need to find a
first-order linear differential equation having that solution. We notice that if y(t) = f + ¢,
then ' +y = f'+ f+ ¢ +g. Here, let f = ce™ and g(t) = 4 —t%. Then f'+ f = 0 and

13



g +g=-2t+4—1>=4—2t—t> Therefore, y(t) = ce™ + 2t — 5— satisfies the equation
y' +y =4 — 2t —t2. That is, the equation y’ +y = 4 — 2t — t* has the desired properties.

38. Multiplying the equation by e®*~t)

, we have
ea(tfto)y/ 4 aea(tfto)y — ea(tfto)g(t)
— (ea(t—to)y)/ — ea(t—to)g<t)
t
— y(t) = / e~ =9 g(s) ds 4+ e~ olto)y,.
to
Assuming ¢(t) — go as t — o0,

—a(t—to)

t t (
/ efa(t—s)g(s) ds — / e*a(tfs)go ds = % _ e—go — g as t — 00
‘o : a a a

0

For an example, let g(t) = e7*+ 1. Assume a # 1. By undetermined coefficients, we look
for a solution of the form y = ce™® + Ae™' + B. Substituting a function of this form into
the differential equation leads to the equation

[~A+aAle"+aB=¢"+1 = —-A+aA=1and aB=1.
Therefore, A = 1/(a — 1), B = 1/a and y = ce”* + —L-e™" + 1/a. The initial condition
y(0) = yo implies y(t) = (yo — =5 — 2)e ¥+ e " +1/a — 1/a as t — 0.
39.
(a) The integrating factor is e/ 74 Multiplying by the integrating factor, we have
el POyl 4 o TP®dln i)y — (.

Therefore,
(e dty)' —0

which implies
y(t) = Ae” IO

is the general solution.
(b) Let y = A(t)e~ J/P® 4 Then in order for y to satisfy the desired equation, we need
A PO% — A@)p(e)e TN 4 AL)p(r)e IO = (1),

That is, we need
A1) = g(t)el 0,

(c¢) From equation (iv), we see that
t
A(t) = / g(T)e/ PO qr 4 ¢
0

Therefore,

t
y(t) = e~ Jp)dt (/ g(T)efp(T)dT dr + C) )
0
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